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I. INTRODUCTION
Layers, drops, and meniscii of simple and complex liquids with a free surface are increasingly important in many technological applications. They are employed, for instance, in the fabrication of advanced microelectronics (through immersion lithography), electrocatalysts and solar cells, they are important for lubrication and in fuel cells. [1] [2] [3] [4] Another application is the use of liquid films as or in the production of protective and/or functional coatings that occurs in a number of natural and industrial processes. To understand and control such processes where films of simple and complex liquids play an important role, a profound knowledge of their static and dynamic properties is required. For complex fluids this includes their internal micro-and nano-structure. An interesting example for films of complex liquid are films of binary liquid mixtures located on solid substrates and open to the surrounding gas phase. They are, for instance, encountered at intermediate stages of the production process of functional polymer coatings of solid surfaces and also represent model systems for more complex mixtures employed in the production of organic solar cells. Motivated by the wide range of applications, a variety of films of polymer blends is investigated experimentally. 2, [5] [6] [7] [8] [9] [10] For single films and drops of simple pure nonvolatile liquids on smooth homogeneous solid substrates, one has reached a relatively good understanding of their static and dynamic properties, e.g., in the context of dewetting. [11] [12] [13] However, in various applications the liquids of interest may consist of several components, may be volatile or rest on structured substrates. Alternatively several liquids are involved, e.g., in a multilayer film. All these additional effects may occur in various combinations, and result in more complex behaviour. Quite a number of fundamental questions are 062109-2 Bribesh, Fraštia, and Thiele Phys. Fluids 24, 062109 (2012) not yet sufficiently understood for the amended systems. A particularly challenging aspect is related to the occurrence of free interfaces and wetting effects. For example, experiments with films of polymer blends find that phase enrichment at the boundaries and phase separation within the film are related to developing modulations of the free film surface, and even result in the dewetting of the film itself. 5, 6, 14 Not many approaches for the modelling of these phenomena exist: there are some studies that employ model-H in a film geometry (see below) (Refs. [15] [16] [17] , and long-wave approaches 18 that result in a reduced description that is valid for predominantly laterally structured films. [19] [20] [21] For predominantly vertical structuring one may describe the late stages of evolution by two-layer long-wave models. [22] [23] [24] Here we are mainly interested in the coupling of decomposition within a film of a binary liquid mixture and changes in the surface profile of the film. As a continuation of previous work, 15, 17 we study free surface films of binary liquid mixtures on a horizontal homogeneous smooth solid substrate. The behaviour of these films is investigated in situations where the decomposition of the mixture into the two components may result in various concentration patterns and may also trigger a change in the film thickness profile. The resulting surface deflection will depend on the strength of the solutal Marangoni effect, i.e., on the contrast in the liquid-gas interface tension of the two individual components. If the resulting structuring is not predominantly lateral, i.e., if the concentration gradient differs significantly from being parallel to the solid substrate, one is in general not able to employ a long-wave approach and needs to consider the full hydrodynamic description. It corresponds to model-H (Refs. 25 and 26) , which couples the transport of momentum (Navier-Stokes-Korteweg equations, i.e., Navier-Stokes equations with an additional contribution in the stress tensor, resulting from concentration gradients-the Korteweg stresses) and the transport of the mass of the components (convective Cahn-Hilliard equation). It is studied in different (possibly non-isothermal) settings [26] [27] [28] [29] [30] [31] [32] (see also references in Ref. 15 ). The major part of the literature focuses on a bulk situation, i.e., it does not consider situations like a film of a mixture that involve beside the internal diffuse interfaces a free liquid-gas interface.
The present work forms the third part of a sequence of papers dedicated to the development and application of model-H in the presence of free surfaces. This necessarily implies the incorporation of hydrodynamic flow even if it is extremely slow creeping flow. Without such a flow, e.g., with a description based solely on the Cahn Hilliard equation, 33 one is not able to describe an evolving surface profile. The present part (III) analyzes fully two-dimensional steady film states and builds on part (I) (Ref. 15 ) and part (II) (Ref. 17 ) that are respectively dedicated to one-dimensional steady states, i.e., steady stratified (layered) films and their linear stability with respect to lateral instability modes. Note that Ref. 15 starts by deriving a generalized model-H employing phenomenological non-equilibrium thermodynamics. The model consists of coupled transport equations for density, momentum, and entropy. For an isothermal setting, zero interface viscosity, and a simplified doublewell internal energy, the general model simplifies to a form of model-H that may be compared to literature results. The comparison allows for a clarification of issues related to the definitions of pressure and chemical potential. Furthermore, boundary conditions at the solid substrate and the free interface are introduced. After non-dimensionalization, the relation between the respective dimensionless numbers entering the boundary conditions for the Cahn-Hilliard (concentration) and the Navier-Stokes-Korteweg (momentum) equations are discussed. It is clarified that the energetic bias with respect to decomposition at a free surface is intrinsically coupled to a solutal Marangoni effect implying that neither of the two effects should be considered without the other one present. 15 Our approach differs from the one taken in Ref. 16 , where the two boundary conditions are treated as independent. The linear stability analysis of part (II) (Ref. 17) focuses on the stability of homogeneous and layered films [determined in part (I)] with respect to modulations in thickness and/or composition along the substrate. Thereby, neutral and energetically biased free surfaces are considered and the influence of the mean composition is discussed.
The present paper determines various fully two-dimensional steady film states that are characterized by non-uniform concentration profiles within the film and a free surface that can be flat or curved. The numerical tools employed are presented in Ref. 34 . The analysis is performed with and without energetic bias at the free surface. The paper is organised as follows. In Sec. II we briefly recapitulate the non-dimensional model-H, the appropriate boundary conditions, the linearization of the fully time-dependent equations about the stratified steady films and the employed numerical schemes. Using the parameters for polymer blends as in Ref. 17 , Secs. III and IV discuss the linear stability of homogeneous films and the 1D (layered) film states, respectively. The following Sec. V analyzes fully two-dimensional steady film states and relates their features to the results of the linear stability analysis. In particular, we present results for the cases of (i) a flat film without energetic bias at the free surface (Sec. V A), (ii) a flat film with energetic bias (Sec. V B), (iii) a height-modulated film without energetic bias (Sec. V C), and (iv) a heightmodulated film with energetic bias (Sec. V D). Note that here the influence of the composition of the film is not discussed as we focus on the "critical case", i.e., a symmetric blend where the concentrations of the two components are equal. The "off-critical case", i.e., of a non-symmetric blend where the concentrations of the two components are not equal, is considered elsewhere. 35 Finally, conclusions are given in Sec. VI.
II. MODEL AND NUMERICAL PROCEDURE
As the present work is part of a sequence of papers, we keep the description of the model brief. A re-derivation of model-H, its dimensional form in the isothermal case (including boundary conditions at the free surface and the solid substrate), and details of its non-dimensionalization are detailed in Ref. 15 where the used model-H is also compared to other forms in the literature. [25] [26] [27] [28] [29] Here we only introduce the non-dimensional model and discuss the relevant non-dimensional parameters.
The stability of stratified solutions (layered films) with respect to lateral harmonic perturbations of the concentration and film thickness profile is discussed in detail in Ref. 17 , whereas the numerical method to obtain fully two-dimensional steady state solutions is introduced in Ref. 34 .
A. Model-H
The time evolution of a binary fluid mixture in an isothermal situation is often described by model-H. This short name (introduced in Ref. 25 ) stands for a coupled system of kinetic equations describing the transport of momentum and of some conserved scalar field (that in our case is concentration) (Ref. 26) . The Navier-Stokes description of a simple fluid is supplemented by an additional contribution to the stress tensor that depends on concentration gradients and is sometimes called Korteweg stress. 36 Such a model-H was re-derived in Ref. 15 in the general non-isothermal case, and then employed in the isothermal case that we also consider here. For a two-dimensional (2D) setting (see Fig. 1 ), the non-dimensional transport equation of momentum is
where we have assumed that the density of the mixture is independent of the mixture composition implying that continuity gives ∇ · v = 0. Here, v = (u, w) is the velocity field, c = c 1 − c 2 = 2c 1 − 1 is the concentration field defined as the difference of the concentrations of the two components, the effective pressure p eff = p − (c + 1) c − ( c) 2 /2 contains all diagonal terms of the stress tensor where p is the "usual" pressure, and the dimensionless numbers Ps and Re are discussed below.
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Equation (1) is coupled to a Cahn-Hilliard description 33, 37 of the binary mixture supplemented by a term that describes advective transport with the velocity v = (u, w):
The 2D operators are ∇ = (∂ x , ∂ z ) and = ∂ 
2 /(ME), and P = E are introduced for length, velocity, time, and pressure, respectively. Thereby the length l represents the thickness of the diffuse interface between the two phases of the mixture and is determined from σ c (interfacial stiffness of the diffuse interface), the energy scale E and the concentration C at the binodal; M is the mass diffusion coefficient or diffusional mobility.
With these scales, two dimensionless numbers appear in the bulk Eqs. (1) and (2), the pressure number Ps = ρ M 2 E 2 /C 6 σ c and the Reynolds number Re = M Eρ/η C 2 . As the diffusion constant is D = ME and U ∼ D/l, the used Reynolds number can be seen as an inverse Schmidt number Sc = η/ρD. The ratio Re/Ps=σ c C 4 /ηME turns out to be the most important bulk parameter for the extremely slow creeping flow we are interested in: For films of decomposing polymer mixtures, Equations (1) and (2) are supplemented by boundary conditions for the concentration and velocity fields at the solid substrate (z = 0) and the free sharp liquid-gas interface (z = h(x, y, t)). At z = 0, one imposes (i) zero diffusive mass flux through the substrate and (ii) energetic neutrality (i.e., the substrate does not prefer any of the two components; cf. Ref. 15 for other cases), i.e.,
respectively. As a result the diffuse interface between the two components meets the solid surface at a right angle. For the velocity field the (iii) no-slip and (iv) no-penetration conditions hold, i.e., v = w = 0. At the free surface (z = h(x, y, t)), similar conditions hold for the concentration field: (v) zero diffusive through flux
and (vi) an energetic bias of the free surface towards one of the two components
The dimensionless S = γ 0 /l E represents the ratio of the surface tension of the free surface γ 0 at c = 0, and the interface tension of the diffuse interface lE. We consider a linear dependence of surface energy f + on concentration
i.e., for a + = 0 the surface is neutral, whereas for a + > 0 an energetic bias results in preferential adsorption of component two. Note that the linear bias corresponds to a linear Marangoni effect. The case a + > 0 with an energetically neutral solid substrate is in Refs. 15 and 17 called the case of asymmetric bias. Note that α is only used to "switch" between the cases of a film that can freely change its thickness profile (α = 1), and a film that has a flat surface (α 1). In the numerical calculations for the latter case, we use α = (vii) balance of tangential forces
and (viii) balance of normal forces
Notice that the tangential gradient of f + (c) enters the tangential force balance corresponding to a solutal Marangoni force. The final condition is (ix) the kinematic condition
which ensures that the free surface follows the velocity field.
To get an estimate for the angles θ 1 and θ 2 between the diffuse interface separating two fluids and the left and the right part of the sharp free surface (see Fig. 2 ), respectively, one may employ an estimate within the sharp interface limit. In the case without energetic bias (where θ 1 = θ 2 = θ ) one finds the dimensionless expressions cos (θ ) = −1/2S, i.e., θ = 2π /3 for S = 1, while with energetic bias (a + = 0), the equilibrium of interfacial forces gives the following two equations:
Solving Eq. (11) and Eq. (12) for θ 1 and θ 2 , one obtains the general relation 
For our case of a modulated free surface with α = 1 and γ d = 1, we have
cos
However, for an imposed flat surface (α 1) with γ d = 1, the relations become cos θ 1 = −2Sa + and cos θ 2 = 2Sa + . Below, these relations will be checked against our diffuse interface results.
B. Two-dimensional steady states
Steady states, i.e., time-independent concentration and film thickness profiles can be obtained as solutions of the static limit (v = 0, ∂ t c(x, z) = 0, ∂ t h(x) = 0) of the bulk Eqs. (1) and (2) and the boundary conditions (i)-(ix). The resulting system of equations can alternatively be derived by minimizing the energy functional
with respect to variations of c and h at given liquid volume V (Lagrange multiplier λ) and mass of component one V C 1 (multiplier λ d , see appendix of Ref. 15 ). Here,
and
are the bulk and surface contributions, respectively. In the following, we obtain steady film thickness and concentration profiles by numerical determination of the extrema and saddles of the energy (17) . Instead of a laterally infinite domain, the film is assumed to rest on a substrate of finite length L with von Neumann (no flux) boundary conditions at the lateral boundaries. Note that such a system can always be embedded in a periodic domain with the period equal to 2L (Ref. 38) . The 2D steady states are found employing the Finite Element Method on an adaptive mesh as was developed in Ref. 34 . It uses isoparametric linear triangular elements with area coordinates thereby mapping the physical film domain onto a rectangular numerical domain. 39 The adaptive mesh refinement improves the resolution in zones of high concentration gradients. The resulting system of algebraic equations is solved iteratively using a variable number of Newton steps. A simple numerical scheme is used to follow solution branches when changing some control parameter, e.g., the domain size L or the mean film thickness H. Various starting solutions are employed, e.g., homogeneous films with an imposed small noise in concentration, different films with weak layered or checkerboard concentration modulations. Note that the scheme is not able to follow solution branches around saddle-node bifurcations, i.e., points on the solution branch where the slope is infinite cannot be passed. This makes the procedure sometimes tedious, in particular, in parameter regions where there exist several steady solutions close to each other.
Additionally, a second approach is used for one-dimensional (1D) steady states, i.e., stratified flat layers where the concentration only depends on the z-coordinate. 15 The resulting equation for the concentration field c(z) is solved using arc length continuation for ordinary differential equations based on Newton and Chord iterative methods as provided by the package AUTO (Ref. 40 ). This allows us to obtain all relevant families of 1D solutions and to track their bifurcations in a similar way as is often done for thin film equations that are also of Cahn-Hilliard type. 12 The stratified solutions are obtained independently with both approaches and agree very well.
C. Linear stability analysis
The determination of 1D and 2D steady states described above is based on a solution of the static limit of the bulk equations of model-H (1) and (2) . Although, here we do not study the fully nonlinear behaviour in time through a simulation of Eqs. (1) and (2), we accompany the static considerations by a linear stability analysis (in time). In this way one obtains information about the most dangerous instability modes and their growth rates.
To do so one linearizes Eqs. (1) and (2) about steady state solutions. Here, this is done (i) analytically for homogeneous films (see Sec. III below), numerically for steady stratified flat films, i.e., for concentration profiles c 0 (z), velocity v 0 = 0, pressure p 0 (z) = (∂ z c 0 )
2 , and film thickness h 0 = H. We investigate their linear stability with respect to lateral perturbations of wavenumber k and growth rate β. A normal mode ansatz for the perturbations (
) (where fields ṽ 1 , p 1 , c 1 , and h 1 denote the infinitesimal perturbations of velocity, pressure, concentration, and thickness fields, respectively, and k x is the lateral wave-number) is introduced into Eqs. (1) and (2) and the boundary conditions. The system of equations is linearized in , the pressure is eliminated and the linearized model-H is written as an eigenvalue problem
The linearized boundary conditions are given in Sec. III B of Ref. 17 . Note that Eqs. (20) and (21) are similar in form to the Orr-Sommerfeld equation. The base states c 0 (z) and solutions c 1 (z), w 1 (z), β of the eigenvalue problem are all obtained employing the numerical continuation algorithms of AUTO (Ref. 40) . In a typical set of runs, one starts from the trivial solution at a + = 0: c 0 (z) = 0, finds the layered steady states that bifurcate from the trivial one, increases the energetic bias at the free surface, finds a real eigenvalue β for a given wavenumber k x as branching point, and in a final continuation step directly follows the dispersion relation β(k x ) (Ref. 17).
D. Solution measures
We characterize the steady states by the normalized L 2 -norm of the concentration field
the normalized L 2 -norm of the film thickness profile and the normalized energy
Note that the c-independent part of the surface energy f + [Eq. (7)] is not included for a flat interface. For a modulated surface only the deviation from the energy of a flat surface enters E. Neither is the constant energy of the liquid-substrate interface. In consequence, the present energies for the case of a flat film differ from the ones in Ref. 15 by an offset of −2. Finally, f(c) is the bulk energy introduced in Sec. II A. Here we use the simple quartic polynomial
In this way, the surface deflection is measured by ||δh|| and the strength of decomposition by ||δc||.
For flat films ||δh|| = 0, whereas for homogeneous films ||δc|| = 0. The energy E measures the difference to a homogeneous film at equilibrium concentration c = ±1. All calculated film states are further characterized by their (conserved) volume V = H L, where H is the mean film thickness and L is the lateral domain size. In our bifurcation diagrams the lateral domain size L is used as control parameter whereas H is fixed at particular values. Note that the thickness profile h(x) is part of the result as well as the concentration profile c(x, z). In the present work, we only treat the case of a critical mixture, i.e., the mean concentration isc = 0. For the off-critical case, see Ref. 35 .
In the following we distinguish four main cases and discuss them for a number of mean film heights. In particular, we study flat and modulated films without and with energetic bias at the free surface. We choose a + > 0, i.e., the free surface prefers component two that dominates where c < 0. For critical concentration (c = 0), the case a + < 0 is related by symmetry. Before we report on the fully nonlinear results for the one-dimensional case in Sec. IV and the two-dimensional case in Sec. V, we discuss in Sec. III the linear stability of a flat homogeneous film.
III. LINEAR STABILITY OF HOMOGENEOUS FILMS
Homogeneous films (c 0 = 0) are steady solutions only in the case without energetic bias, a + = 0. Inspection of the linearized Eqs. (20) and (21) shows that for c 0 = 0 the perturbations in the concentration and in the velocities decouple, i.e., advection does not influence the evolution in the linear stage. As all the velocity modes are stable one only needs to consider instability modes of the concentration field that are described by Eq. (21) with c 0 = 0:
The boundary conditions are at z = 0 and z = h 0
In consequence of the decoupling no surface deflections can develop in the linear stage. All unstable modes are purely diffusive and similar to the ones obtained in a Cahn-Hilliard model for decomposition in a finite gap. 17, 41 To solve Eq. (26) with Eq. (27) one may use a harmonic ansatz not only for the lateral but also for the vertical spatial dependence, i.e., c 1 (z) = exp (ik z z), where k z is the real vertical wavenumber. After linearization in one obtains the dispersion relation
i.e., the film is unstable (β > 0) for modes with k
For finite domains it is convenient to introduce vertical and lateral mode numbers n = k z H/2π and s = k x L/2π , respectively. For the employed boundary conditions, n and s can take integer and half-integer values. First, we fix the mode number in the vertical direction to n = 0, i.e., we have k z = 0 and purely lateral structuring with mode numbers s = 1/2, 1, 3/2, . . . above critical domain sizes L ls s = 2π s. Similarly, for s = 0 one has k x = 0 and obtains purely vertical structuring (layered films) with mode numbers n = 1/2, 1, . . . above critical film heights H vs n = 2π n. Finally, the homogeneous film is unstable with respect to checkerboard modes, i.e., s = 0 and n = 0, for
where we have used the mean film thickness as parameter. The number of unstable modes for certain film thicknesses H and domain sizes L can be obtained from Fig. 3 where the linear stability thresholds for the various modes are given. Note that the stability thresholds for vertical, lateral, and checkerboard modes also correspond to loci of symmetry breaking pitchfork bifurcations where branches of vertically structured (layered), laterally structured, and checkerboard steady solutions bifurcate from the trivial homogeneous solution. In the following, we will denote both, the linear modes and the fully nonlinear solutions branching of the trivial solution, by their corresponding pair of mode numbers (s, n). Next, we discuss results for 1D steady states that correspond to layered 2D states (Sec. IV) and fully 2D steady states together with the linear stability of the relevant layered states (Sec. V). We work with a small number of fixed mean film heights, H = 2.5, H = 3.5, and H = 5, and use the energetic bias a + (in 1D) and the domain size L (in 2D, at various fixed a + ) as control parameters.
IV. ONE-DIMENSIONAL CASE-STRATIFIED FILMS
Before we embark on the study of fully 2D solutions, we discuss the possible stratified states, i.e., layered flat films without any lateral structure. They are studied in detail in Ref. 15 . We briefly review the cases of neutral and asymmetrically biased free surface that are relevant here.
Depending on the film thickness, homogeneous films may demix into a number of different stratified states that can be characterized by the norm of the concentration profile (Fig. 4) and energy ( Fig. 5) . Normally, the energy of the solutions is higher for a larger number of layers, i.e., multilayer film states occur in the time evolution as transients only. The thicker the films, the more layered states exist. In the neutral case subsequent layered states branch off the trivial state at H = 2nπ (cf. Sec. III). Forc = 0 all bifurcations are supercritical. Note that 2n + 1 corresponds to the number of layers: n = 1/2 is a two-layer state, n = 1 is a three layer state, i.e., a sandwich structure. Particularly interesting are the two-layer and the sandwich structure. For H < 3π , they are the only nontrivial solutions. In Fig. 4 , the trivial (n = 0) and the two-layer (n = 1/2 ) state for a neutral surface are indicated by the black dots at a + = 0. The n = 1/2 solution is not present for H = 2.5 < π. stratified, laterally homogeneous films (0, n) branches, where the zero corresponds to the lateral mode number s. Introducing the energetic bias (a + > 0) breaks the symmetry between the two n = 1/2 solutions as now component two is preferred at the free surface. This implies that for a + > 0 two branches emerge from the single n = 1/2 dot at a + = 0. The n = 1/2 b branch is the one of the two that is more relevant. It has component two at the free surface and is therefore of lower energy (and larger norm) than the n = 1/2 a branch that has component one at the free surface. Note, however, that both branches are linearly stable in 1D. The n = 1/2 b branch has a norm (energy) that monotonically increases (decreases) with increasing bias. For a + > 0, the homogeneous n = 0 state does not exist anymore as such. Component one is enriched at the surface and the norm increases from zero. We call this a weakly stratified film. The enrichment layer becomes more pronounced with increasing bias. The state is, however, linearly unstable even in 1D and the corresponding branch annihilates with the n = 1/2 a branch in a saddle-node bifurcation at a + sn . For H = 2.5, the weakly stratified layer is stable and has component two enriched at the surface (cf. also 
V. STEADY STATES IN THE TWO-DIMENSIONAL CASE
All the 1D states obtained in Sec. IV (Fig. 4 ) correspond to laterally invariant 2D states, i.e., stratified layers c 0 (x, z) = c 0 (z). They may be unstable with respect to lateral perturbations c 1 (z)exp (βt + ikx) (cf. Sec. II C). Whenever a (real) eigenvalue β (growth rate) crosses zero we expect a branch of steady two-dimensional states to bifurcate from the stratified (or homogeneous) state. In the following, the results of the linear analysis are discussed alongside the bifurcation diagrams of the 2D states as obtained by the fully nonlinear analysis (cf. Sec. II B).
From the linear stability analysis of homogeneous films we deduct that the complexity of the bifurcation diagrams will increase with increasing film thickness and lateral domain size because an increasing number of modes becomes linearly unstable. Based on this we distinguish "thin films" (0 < H < π) where the homogeneous film is only unstable with respect to lateral modes, "medium films" (π ≤ H < 2π ) where additionally the first vertical structuring mode is unstable, and "thick films" (2π ≤ H) where more vertical modes are unstable.
We distinguish four cases: flat and modulated films without and with energetic bias at the free surface. Each case is discussed for a number of thin and medium films of thicknesses H < 2π . Similar studies may be performed for thick films; however, then the bifurcation diagrams become rather crowded. In the cases with energetic bias we look at one to three different strengths a + . In each of these cases, we will determine several branches of steady solutions. To order the various solutions and to discuss relations between the branches, we employ some ideas from equivariant bifurcation theory. 38, 42, 43 This will allow us to infer the multiplicity of the various branches, the character of the symmetry breaking bifurcations and help to determine the stability of the solutions. Note, however, that we will sort our numerical results using a convenient selection of symmetries (reflections, inversions, and rotations in a space spanned by the spatial coordinates and the concentration). To keep the picture simple. we exclude whenever possible translations. A proper group theoretical treatment is beyond the scope of the present work.
A. Flat films without energetic bias
In the first case, we impose a flat free surface without energetic bias. This corresponds to the limit of large and concentration-independent surface tension. The symmetry group that leaves the system of equations, boundary, and integral conditions invariant is Z 
2 that leaves the system of equations, boundary, and integral conditions invariant for an imposed flat free surface without energetic bias. The σ ij correspond to reflections at the plane spanned by the i and j axes, where i and j can take the values x, z, and c; the π i are rotations by π about the i axis; and the ρ xzc stands for an inversion.
group table is given in Table I . The trivial homogeneous solution c(x, z) = 0 is invariant under the full group. All solutions that bifurcate from it must be invariant under one of its subgroups.
Thin film of thickness H = 2.5
For films of thickness H = 2. (Fig. 6(b) ). For L < π only the trivial state exists, and for L > π the (1/2, 0) branch is always the one of lowest energy, i.e., the system will always evolve towards it. The other solutions might still occur as transient states during a lateral coarsening process. Table I . 
Film of medium thickness H = 5
In Sec. V A 1, we have studied films with H < H c = π . There, no laterally homogeneous solutions exist beside the trivial one. For H > H c layered structures are possible. Here we consider H = 5, i.e., H c < H < 2H c , where the stratified bilayer (0, 1/2) branch exists but not the trilayer (0, 1) branch (cf. Fig. 4 at a + = 0). The corresponding bifurcation diagram is given in Fig. 9 . For selected concentration profiles see Fig. 10 . The horizontal lines in Fig. 9 represent the trivial (0, 0) branch (||δc|| = 0, E = 1.25) and the (0, 1/2) branch of two-layer stratified states (||δc|| = 0.65, E (1/2,1/2) that joins (1/2, 1/2) and (0, 1/2) at L = 14. They are marked by small squares in Fig. 9(a) . H in z by multiples of H in the PBC system. We will not discuss them further and do not include them or the related secondary branches in Fig. 10 .
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As for H = 2.5, the branches of laterally structured films bifurcate from the trivial one at L ls s = 2sπ . Figure 9 gives the branches with the lateral mode numbers s = 1/2, 1, 3/2, and 2. Concentration profiles are shown for s = 1/2 and s = 1 on the second row of Fig. 10 . Comparing Figs. 9 and 6, one notices that for all branches with n = 0, the energy in the H = 5 case is twice the one for H = 2.5. The norms for the concentration fields are identical. This is as expected for the present case without energetic bias.
The two laterally structured (1/2, 0) branches are linearly unstable when they emerge from the (0, 0) branch at L = π , then they stabilize at symmetry-breaking pitchfork bifurcations at about L = 3.9 where four branches of oblique solutions (O 1/2 ) emerge (two from each (1/2, 0) branch). A profile is given on the very left of the third row of Fig. 10 . The four branches end at about L = 11.0 in two further pitchfork bifurcations on the (0, 1/2) branches (Fig. 9) . The schematic bifurcation diagram in Fig. 11 illustrates the multiple branches. (1/2,1/2) branch is invariant under {I, π x } (see e.g., the rightmost profile on row three of Fig. 10 ). All the ones mentioned are invariant under translations T x 2L and T z 2L in the PBC system. The relations between subgroups corresponding to the various steady states for such films are given in Fig. 10 . Note that all the discussed branches emerge via pitchfork bifurcations. At each such bifurcation there emerge two branches that are related by the symmetry that is broken. The schematic bifurcation diagram in Fig. 13 illustrates this for the secondary branches emerging from the (1/2, 1/2) and (1, 0) branches. For each branch it also indicates the stability and provides a pictogram of the corresponding decomposition pattern.
Due to the existence of vertical and horizontal liquid-liquid interfaces, the checker-board solutions have a rather large energy. Note that all liquid-liquid interfaces of the checker-board and laterally structured solutions meet the free surface at an angle of π /2 corresponding to the zero energetic bias (a + = 0). An exception are the oblique solutions where two liquid-liquid interfaces meet the free surface at the same point. This allows for an angle of π /4 (see Fig. 10 , second profile on row three).
Finally, we discuss the importance of the various solutions in a physical system based on their energies (Fig. 9(b) ). In contrast to the case of H = 2.5, here the trivial state is always unstable: below branch are linearly stable between the pitchfork bifurcations that limit the range of existence of the O 1/2 branch. The latter consists of unstable threshold solutions that have to be overcome to switch between the two stable branches. Note that the Maxwell point L maxw where the (1/2, 0) branch and the (0, 1/2) branch are of equal energy lies well inside the interval. An estimate determined in the limit of a sharp liquid-liquid interface gives L maxw = H/(1 − a + ) = 5, actually, a trivial result for a + = 0. All other solutions are of higher energy and might only occur as transient states during a coarsening process. They might also gain importance for ratios S of interfacial tensions that are larger than one.
B. Flat films with energetic bias
Next, we study films with a linear energetic bias (a + > 0) at the flat free surface. The homogeneous state ||δc|| = 0 only exists in the neutral case (a + = 0). When increasing a + , the film becomes weakly stratified. The norm ||δc|| increases, whereas the energy slightly decreases (cf. Figs. 4 and 5 above). Note that the energetic bias breaks the σ xz : c → −c symmetry. In consequence, the symmetry group under which the equations and boundary conditions are invariant is smaller than the one for the system without bias. It corresponds to Z x 2 (with elements {I, σ zc }) and the translations T x ∞ (see Ref. 44 ). The bias also results in an increasing distinction between many of the profiles that had in the case without bias emerged in a common pitchfork bifurcation. In the case of the two-layer stratified films this is well visible in Figs. 4 and 5 . Now, the solution with component 2 at the free surface is energetically preferred. The second stratified solution (fluid 1 at the free surface) annihilates with the weakly stratified state in a saddle node bifurcation at a + sn (Fig. 4 ).
Thin film of thickness H = 2.5
As the bifurcation diagram for biased flat films with H = 2.5 looks rather similar to the one for the neutral case (Fig. 6) , we only mention the important differences: (i) The weakly stratified branch takes the role of the trivial homogeneous branch in the neutral case. The corresponding profiles are invariant under {I, σ zc } and translations T branches bifurcate shift to larger L as a + is increased, corresponding to a decreasing critical wave number k c (Fig. 14) . Laterally structured solutions are only invariant under translations T x L/s and the identity {I} (2s odd) or {I, σ zc } (2s even); (iii) The angle between the diffuse liquid-liquid interface and the liquid-gas interface is not π /2 anymore as the preferred fluid 2 now occupies a larger part of the free surface than fluid 1. Therefore, the notion "laterally structured film" is not literally correct anymore. However, we continue to use it as it indicates to which solution at a + = 0 the solution at hand is related. (iv) For rather high a + ≈ 1, the bifurcation from the trivial state is subcritical and there exist (even for H < π) solutions with an oblique liquid-liquid interface that represent a transition state between the weakly stratified and laterally structured branches. The branch of oblique solutions joins the laterally structured film in a saddle node bifurcation when the diffuse interface passes the corners of the domain.
The linear stability of the stratified states is analyzed for several a + > 0 in Fig. 7 above. The maximal growth rate β max and the critical wavenumber k c are given as functions of a + in Figs 
Film of medium thickness H = 5
Increasing a + from zero for flat films of thickness H = 5 results in significant changes in the bifurcation diagrams. Consider, e.g., the points on the line a + = 0.2 in Fig. 4 . The two stratified solution branches (0, 1/2 a ) and (0, 1/2 b ) now differ resulting from the broken symmetry σ xz : c → −c. In consequence, the related (four-fold) oblique branch O s (cf. A similar split occurs for all the J branches (that connect the various checkerboard branches to other branches). For a + = 0 they are four-fold (cf. Fig. 13 ), but for a + > 0 each splits into two two-fold branches. However, the resulting difference between the branches is very small and not well visible in Fig. 15 . In consequence, the connection between the J branches and the checkerboard branches is not a pitchfork bifurcation anymore: It is replaced by a saddle node bifurcation between the left hand part of the checkerboard branches and one of the two-fold J branches and a continuous transition between the other two-fold J branch and the right hand part of the checkerboard branch. This agrees with the fact that the J branches and the checkerboard branches they connect to, have the same symmetry (see Fig. 16 ).
In general, one may distinguish a high and a low energy group of solution branches ( Fig. 15(b) ). The high energy group consists of the weakly stratified (0, 0), the stratified (0,1/2 a ), all checkerboard (s, 1/2), and all oblique O a s and J branches (see profiles left of dotted line in Fig. 16 ). All of them are confined between the (0, 0) and (0, 1/2 a ) branch. Figure 4 shows that an increase in the bias a + increases the difference between the stratified (0, 1/2 a ) and (0, 1/2 b ) branches. However, the difference between the (0, 0) and (0, 1/2 a ) branch decreases. They approach each other and annihilate at the saddle-node at a + sn . In consequence, the entire group of high energy solutions vanishes at a Fig. 16 ).
Next we consider how well the primary bifurcations in Fig. 15 agree with the linear stability results. Nearly all stratified solutions become unstable to lateral perturbations above some critical L c (as discussed for a + = 0). a ) branch at about L = 7.5. This is, however, not the case. Upon inspection, the respective solutions on the two branches look still rather different implying that the O a 1/2 branch continues to exist for larger L. Our linear stability results actually indicate that it exists for arbitrary large L as the (0, 1/2 a ) branch is linearly stable. However, as the bifurcations come into being at slightly larger a + , our numerical procedure is not able to capture the O a 1/2 branch at larger L. At larger a + , the (0, 1/2 a ) solution is only unstable with respect to the related lateral mode in a range of wave numbers. For instance, at a + = 0.3, the (0, 1/2 a ) film is unstable between k = 0.125 and k = 0.357 (see Fig. 17(b) ). The band of unstable wave numbers widens till the smaller one reaches zero (cf. curve for a + = 0.4 in Fig. 17(b) and k c in Fig. 14(c) ). Here, we will not discuss these effects further. Finally, we briefly discuss the behaviour for a + > a + sn . Slightly above a + sn , the low energy group of branches does not change its appearance. At large a + , however, additional structures appear, see the bifurcation diagram in Fig. 18 for an example (a + = 0.8). Although the laterally structured (1/2, 0) solutions ultimately still annihilate at low L with the oblique O b 1/2 branch, the branch has acquired an additional pair of saddle node bifurcations, i.e., in a small range in L there exist now three stable and two unstable profiles. Further details are discussed in Ref. 35 .
C. Height-modulated films without energetic bias
Now we lift the restriction of an imposed flat free surface and study films with a surface that is free to move. Practically, this is done by reducing the value of α to 1 in Eq. (7). In consequence, solutions are then not only characterized by the energy E and norm ||δc|| of the concentration field, but also by the norm ||δh|| of the film thickness profile h(x) [see Eq. (23) of an imposed flat surface is that now the free surface reacts to non-homogeneous concentration profiles. In the contact region of a diffuse interface between the two components and the free surface the horizontal and vertical force components have to be balanced. On the one hand, this leads to changes in all solutions discussed above in the case of a flat surface. On the other hand, it allows for new solutions that only exist because of the new degree of freedom.
To illustrate the changes in the known solutions, we show in Fig. 19 a film from the (1/2, 0) branch. The concentration profile shows lateral structuring, the liquid-liquid interface is still vertical, and θ ≡ θ 1 = θ 2 = 2π /3, where θ i is the angle between the liquid-liquid interface and the free surface of liquid i. In the sharp interface limit cos (π − θ ) = 1/(2S) (see Sec. II A).
Films of small thickness (H = 2.5)
For H = 2.5, the bifurcation diagram in terms of ||δc|| (see Fig. 20(a) ) looks rather similar to the one for flat films (Fig. 6(a) ). As expected, the points L ls s where the laterally structured branches bifurcate are identical to the ones in the flat case; however, the ||δc|| along the bifurcating branch is slightly larger than in the flat case (at max ≈5% for the parameter values we study). The energy is lower than in the flat case (not shown) mainly resulting from the additional degree of freedom that can be appreciated in Fig. 6(b) where ||δh|| is shown. On every laterally structured branch (s, 0), the surface modulation monotonically increases with the lateral domain size. Typical profiles, their symmetries, and the relations between them are given in Fig. 21 . The dispersion relation for FIG. 19 . Typical profile of a laterally phase-separated film with a modulated free surface without energetic bias (a + = 0). Shown is the profile at L = 8 from the (1/2, 0) branch for H = 2.5. The arrows indicate the forces on the contact region where the diffuse liquid-liquid and the sharp free surface meet. the homogeneous solutions is given below in Fig. 22 (case a + = 0) and is identical to the one in the case of a flat surface (cf. Fig. 7) .
Note that the symmetry group for the homogeneous solution is identical to the one in the flat non-biased case, whereas the ones of the laterally structured branches do not agree (cf. Fig. 8 ). This is due to the fact that any lateral structuring causes a surface modulation and therefore also breaks the z → −z symmetry. For fixed domain size, the branches of higher mode number have a smaller surface modulation as more diffuse interfaces "pin" the free surface.
Films of medium thickness (H = 5.0)
Increasing the film height to H > π layered solutions become possible, a situation analyzed for neutral and biased flat films in Sec. V B. Allowing the free surface to change its profile, on the one hand modifies the already known solutions. On the other hand, we find that a modulated surface allows for additional large-amplitude solutions.
The bifurcation diagram for H = 5.0 for films of unbiased modulated surface is given in Fig. 23 . A selection of corresponding profiles, their symmetry groups and relations between them are given in Fig. 24. Inspecting Figs. 23(a) and 23(b) , i.e., the bifurcation diagrams in terms of ||δc|| and E, (1/2,0) The dot-dashed horizontal lines (maroon online) correspond to the laterally homogenous (0, n) solutions for n = 0 (dash-dash-dot) and n = 1/2 (dash-dot); the solid lines (blue online) are laterally structured (s, 0) states for s = 1/2, 1, 3/2, and 2; the dotted lines (black online) are checker-board (s, 1/2) states for s = 1/2, 1 and 3/2; the dashed lines (red and purple online) correspond to various types of oblique solutions. Finally, the dot-dot-dashed curves (green online) marked by C 1 and C 3/2 represent solutions of large surface modulation that have no counterpart in the case of flat films (cf. Fig. 9 ). The fine solid lines (black online) are hypothetical connections that shall serve as a guide to the eye. For details see main text.
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Bribesh, Fraštia, and Thiele Phys. Fluids 24, 062109 (2012) respectively, one notes that it is rather difficult to discern differences to the case of a flat surface (Fig. 9 ). All branches discussed in Fig. 9 are also present in Fig. 23 with slightly larger norm ||δc|| and slightly lower energy. Now all these solutions have acquired a surface deflection that for the laterally structured solutions increases monotonically with L, but behaves non-monotonically for the various branches of oblique solutions [ Fig. 23(c) ].
The most important qualitative change is the appearance of solutions with large surface modulation that have no counterpart in the case of flat surfaces. In Fig. 23 , they are marked by the dot-dot-dashed (green online) lines, that we name C 1 and C 3/2 . In terms of ||δc|| and E, they stay rather close to other already known branches (what makes their numerical detection rather cumbersome). However, they are strikingly different in terms of ||δh||: The surface modulation strongly increases with L. For instance, one part of the C 1 branch emerges at about L = 8 from the O 1 branch, then continues till L = 10 where its surface modulation is more than three times stronger than that of the other branches. There is another part of the C 1 branch that emerges at about L = 11.7 also from the O 1 branch. It continues towards smaller L and also reaches at L = 9 a ||δh|| about three times larger than that of the other branches. Both branching points on the O 1 branch are period doubling bifurcations seemingly related to the suppression of a coarsening mode of instability, and the two parts of the C 1 branch have the same symmetries.
A schematic is given in Fig. 25 . This considerations allow us to deduct that the two parts of the C 1 branch are actually connected via two saddle node bifurcations. The resulting hypothetical branch that we are not able to get with our numerical method is indicated in Fig. 23 by a fine black line that may serve as a guide to the eye. We expect similar behaviour for the C 3/2 branch that bifurcates from the O 3/2 branch. It is also remarkable that the C 1 branch is locally the one of lowest energy, when comparing to the other branches involved in the transition [i.e., O 1 , (0,1/2), (1, 0) ]. The agreement between the bifurcation points from the laterally homogeneous solutions and the predictions of the dispersion relation (not shown) is good. However, note that there is some room for interpretation as to where exactly some of the bifurcations are in Fig. 23 as some of the branches approach each other rather slowly [e.g., O 1 and (0, 1/2)]. Note finally that here as in the case of a flat surface, the absence of an energetic bias implies that most branches are actually two-fold or even four-fold with the different instances being related by the symmetry c → −c (see Sec. V A). In particular, the "new" large surface modulation C 1 branch is two-fold. This degeneracy is lifted in the case with energetic bias at the free surface that we consider next.
D. Height-modulated films with energetic bias
The fourth and final case we investigate are modulated films with surface bias. Our focus lies on an explanation of the differences to the other cases for the selected film heights H = 2.5 and H = 5.0. In particular for H = 5.0, we restrict our attention to the relatively low energetic bias of a + = 0.1 because otherwise we are restricted by the convergence of our numerical procedures. This is not the case for the smaller height of H = 2.5. There we discuss the case of a + = 0.4. For much larger energetic bias the surface tension contrast between the two components becomes unphysically large. Even before, at a + = 1/2S configurations with three phase contact regions cease to exist in the sharp interface limit.
Even for an imposed flat interface, the liquid-liquid interface is not any more perpendicular to the free surface if an energetic bias is considered. If the free surface is free to move, three curved interfaces meet in the three phase contact region. Note that in the sharp interface limit, one can estimate the angles θ 1 and θ 2 between the diffuse interface and the parts of the free surface where fluid 1 and 2 dominate, respectively. They are given above in Eqs. (15) below (note that the measured angles will approach the sharp interface limit as the system size is increased).
Films of small thickness (H = 2.5)
The bifurcation diagram for H = 2.5 for height-modulated films with an energetic bias of a + = 0.4 is given in Fig. 26 . A selection of corresponding profiles, their symmetry groups and relations between them is given in Fig. 27 . Dispersion relations for various a + can be found in Fig. 22 . Compared to the other cases with H = 2.5, an energetic bias of a + = 0.4 leads to significant changes in the film profiles. The horizontal dot-dashed line in Fig. 26 corresponds to the weakly stratified state (for a profile see first row of Fig. 27 ) that is unstable with respect to lateral perturbations for L > L bifurcation diagram; we sketch its hypothetical location as a fine solid line. Note that the energetic bias shifts all primary bifurcations towards larger L, in good agreement to the dispersion relations (Fig. 22 , cf. also Fig. 20) . Remarkably, the surface deflection does not increase monotonically along the (s, 0) branches. From the saddle-node bifurcation, it first increases rapidly, then goes slightly down again, before increasing nearly linearly ( Fig. 26(b) ). Examples for profiles on the laterally structured branches can be found on the second row of Fig. 27 . Another major difference is the appearance of a branch C 1 of solutions (dot-dot-dashed (green online) lines in Fig. 26 ) with large surface modulation similar to the ones described for modulated films of medium height without bias (see Figs. 23 and 25) . Here, however, they are not related to any oblique O i branch as there exists none. Our hypothesis is that they are related to the "oblique" solutions on the subcritical piece of the (1, 0) branch that we could not obtain. Considering the symmetries of the solutions (Fig. 27 ) and the dispersion relation (Fig. 22 ) that only indicates one instability mode, it seems clear that the C 1 branch does not emerge from the "weakly" modulated (0, 0) branch. Most probably it emerges from the laterally structured (1, 0) branch in a period doubling bifurcation close to the primary bifurcation. This particular feature is better visible for H = 3.5 (not shown, see Ref. 35) . We expect that the (1, 0) branch beyond this period doubling bifurcation is stable with respect to coarsening. This is remarkable as it is an effect that only appears due to the possible modulation of the free surface, i.e., it is due to the coupling of two rather different degrees of freedom. However, at this point the effect remains hypothetical. Reduced models are needed to investigate it further. On the C 1 branch the surface modulation strongly increases with L. It seems to undergo two further saddle-node bifurcations at about L = 12 where we introduce a fine black line in Fig. 26 that indicates the hypothetic connection of the two parts of the C 1 branch that we have determined.
In Fig. 27 , relations between the various branches are indicated as solid and dashed straight lines if they are symmetry-breaking pitchfork and not symmetry-breaking saddle-node bifurcations, respectively. As for simplicity we do not include translations in the given scheme, we need to add that in the pitchfurk bifurcation between the (0, 0) and the (1, 0) branch it is actually the translational symmetry T x ∞ that is broken. Note also that all parts of the dot-dot-dashed C 1 branches are connected by saddle-node bifurcations implying that all profiles have the same symmetries. 
Films of medium thickness (H = 5.0)
Finally, we increase the film height to H > π where layered solutions become possible, a situation analyzed for modulated films without bias in Sec. V C, and for flat films with bias in Sec. V B. We expect this final most "complex" situation to reflect elements of both these previously studied cases. The bifurcation diagram for H = 5.0 for height-modulated films with a small energetic bias of a + = 0.1 is given in Fig. 28 , whereas a selection of corresponding profiles, their symmetry groups and relations between them are given in Figs. 29 and 30 . For dispersion relations for the various stratified solutions we refer the reader to Ref. 35 .
A first inspection of Fig. 28(a) , i.e., the bifurcation diagram in terms of ||δc|| shows that the basic structure is similar to Fig. 15. All layered [(0, 0) Fig. 28 is for a + = 0.1 while Fig. 15 is for a + = 0.2. In the case of modulated free surface for a + = 0.2, we are not able to obtain all parts of all the branches presented in Fig. 28 due to numerical convergence problems. However, from the partial results we have, one deducts that in the case with surface modulation, secondary bifurcations are shifted to slightly larger L, the norms (energies) of all these branches are slightly higher (lower) than in the case of a flat surface, in accordance to previous observations. All solutions have acquired a surface deflection [ Fig. 28(b) ]. For the laterally structured solutions (s, 0), it increases monotonically after a small decrease near the saddle-node bifurcation where the (s, 0) branches emerge together with the O b s branches. However, most other branches behave non-monotonically.
Comparing with the case of a modulated film without bias (Fig. 23) , one notices that again there are solutions with large surface modulation present that do not exist for flat surfaces. In Fig. 28 Another important qualitative change is related to the checkerboard solutions [see (1/2, 1/2) branch]. Without energetic bias (Fig. 23) , they continue to large L. However, we know already from the case of flat films that an energetic bias results in a re-connection with some of the J branches (see Sec. V B). The effect is visible more clearly here: The (1/2, 1/2) branch emerges at about L = 4.2 from the weakly stratified branch. Then its surface deflection increases till L ≈ 8 where it starts to decrease quickly, passes a saddle-node and joins the O a 1 branch at slightly lower L. We have not been able to obtain the small subcritical part of the branch numerically and indicate its hypothetical path by a fine black line in Fig. 28 . Increasing the energetic bias makes the behaviour more pronounced and shifts the subcritical connection of the checkerboard to the oblique branch towards larger L (Ref. 35) .
Note finally that in Fig. 29 some of the solutions seem to have the same symmetries although they are connected by a symmetry-breaking pitchfork bifurcation. This results from the exclusion of translational symmetries from our schemes. In particular, the transitions from the ∞ . With this we end the presentation of our results for the four selected cases, i.e., flat and modulated films with and without energetic bias at the free surface. Section VI concludes, situates our results in the wider context and gives an outlook onto future work.
VI. CONCLUSIONS
We have studied the two-dimensional steady concentration and film thickness profiles for isothermal free surface films of a binary liquid mixture on a solid substrate. They are described by the steady limit of model-H that couples the diffusive transport of the components of the binary mixture (convective Cahn-Hilliard equation) and the transport of momentum (Navier-Stokes-Korteweg equations). Additionally, we have analyzed the linear stability (in time) of relevant stratified (layered) films. This has allowed for a comparison of the position of certain branching points in the bifurcation diagrams with the value predicted by the linear analysis. The present work forms part three of a sequence of papers, where the first one developed the implemented model and analyzed one-dimensional layered states, 15 whereas the second one introduced the linear stability analysis and applied it to selected layered states for a number of different types of energetic biases at both interfaces. 17 The present study has restricted itself to the case of asymmetric bias, i.e., the solid substrate has been taken as energetically neutral, while an energetic bias has been applied at the free surface that corresponds to a linear solutal Marangoni effect. For comparison, we have also studied the case without any energetic bias. Our particular attention has been focused on the transitions that occur when one goes from a film with an imposed free surface to one where the free surface is able to deform.
After a brief recapitulation of the non-dimensional model-H, the appropriate boundary conditions, the linearization of the fully time-dependent equations about the stratified steady films and the employed numerical schemes, we have discussed the linear stability of the homogeneous films and the one-dimensional (layered) films that are relevant for the present work. Based on this, we have then analyzed the fully two-dimensional steady films. Results obtained in the form of bifurcation diagrams of the various steady states and particular concentration and thickness profiles have been related to the linear results obtained before. In particular, we have presented results for the cases of (i) a flat film without energetic bias at the free surface (Sec. V A), (ii) a flat film with energetic bias (Sec. V B), (iii) a height-modulated film without energetic bias (Sec. V C), and (iv) a heightmodulated film with energetic bias (Sec. V D). All cases have been studied for a number of film thicknesses and (if applicable) energetic biases.
In general, we find that the complexity of the bifurcation diagrams increases with increasing film thickness and lateral domain size, as one would expect from the linear stability of a homogeneous film as an increasing number of modes becomes unstable. Based on this observation we have distinguished "thin films" (0 < H < π) where the homogeneous film is only unstable with respect to lateral modes, "medium films" (π ≤ H < 2π ) where additionally the first vertical structuring mode is unstable, and "thick films" (2π ≤ H) where more vertical modes are unstable. We have not pursued an analysis of the thick films as the picture becomes rather involved and main results are already obtained with medium films. Similarly, in the cases with surface modulation we have restricted the study to relatively small energetic bias, while for flat films it has been possible to also study higher biases.
Even for thin and medium films, the bifurcation diagrams can be quite involved. For instance, in the case of flat films of medium thickness without energetic bias we have found a number of different laterally structured films, layered films, checkerboard films and obliquely structured films (Sec. V A). We have analyzed the symmetries of the steady solutions on the individual branches and have employed ideas from equivariant bifurcation theory to discuss the relations between the branches. This has allowed us to infer the multiplicity of the various branches, their linear stability, and the character of the symmetry breaking bifurcations. Note, however, that to sort our results we merely use a selection of symmetry operations that may be applied to the steady film solutions (reflections, inversions and rotations in a space spanned by the spatial coordinates and the concentration). To keep the picture simple, we have whenever possible excluded translations. A proper group theoretical treatment is beyond the scope of the present work.
The symmetry considerations have been helpful in the cases with energetic bias and/or surface modulation, in particular, close to some of the bifurcations where the achievable numerical precision does not allow us to decide which branches are actually connected. In all these cases, arguments based on symmetries made it possible to clearly determine the bifurcational structure. This has been particularly important in the case of modulated surfaces where the additional degree of freedom results in the appearance of a new type of solution-large amplitude layered drops that result from a coarsening or period doubling bifurcation.
Beside the steady states, we have investigated the linear stability (in time) of the layered films. In general, we have found a good agreement of the loci of the relevant bifurcations. However, in a few cases the various branches are already very close to each other far away from the bifurcation points and our numerical scheme does not allow for an exact determination of the bifurcation point. Nevertheless, we conclude that the two different numerical approaches-linear stability analysis of layered solutions within the fully time-dependent model-H and determination of steady states via a minimization of the underlying energy functional-agree rather well.
Inspecting all the obtained solutions for various energetic biases, film thicknesses and domain sizes one notices that the energetically favoured solution is nearly always the laterally structured one. This is mainly due to the setup of our study: we have chosen an energetically neutral substrate to focus on the effect of an energetic bias at the free surface. Compare Ref. 34 for an example with an energetic bias at the substrate but a neutral free surface. Furthermore, we have chosen to study a symmetrical blend (critical case) where the mean concentration of the two components are equal. A study of the case of non-symmetric blends (off-critical) will be considered elsewhere. Another important restriction is our focus on a linear energetic bias. Other parameters have stayed fixed throughout our study as, e.g., the ratio of the surface tension of the liquid-gas interface and the one of the internal diffuse interface. Without doubt, some of the possible changes in the setup will energetically favour other solutions than the laterally structured one. We expect our results to be also useful for future studies of similar systems as the basic bifurcational structures discussed here will reflect aspects of such structures in other cases.
A further limitation of the present study is our restriction to a two-dimensional geometry. This implies that, e.g., the two-dimensional droplets in all shown concentration profiles actually represent cuts through ridges that are invariant with respect to translations into the third dimension (y-coordinate). Such ridges might be unstable to a Plateau-Rayleight instability 45, 46 if the domain size in y-direction passes a critical value. This possibility will further enrich the bifurcation diagrams as it might, e.g., result in coexistence regions of ridge and 3D drop states resulting from a subcritical instability of the ridges with respect to transversal perturbations as observed, for instance, for liquid ridges on homogeneous and heterogeneous solid substrates. 47 However, the present approach might become rather involved in the general three-dimensional case. Therefore, a reduced description for practically important cases should be sought. A possible option is described in the next and final paragraph.
The present study has shown that for the chosen parameter values laterally structured films are normally the energetically favourable solution. This indicates that for these parameter values one should be able to derive an asymptotic model that focuses on the lateral aspects, i.e., "slaves" the vertical concentration profile to effective fields that only depend on the lateral coordinate. Such a description was derived recently through a long-wave approximation of model-H 20 and consists of coupled evolution equations for the vertically averaged concentration and the film thickness profile. Their model may also be directly obtained as an extension of a gradient dynamics formulation of thin film hydrodynamics for a film of suspension, blend or solution as shown in Ref. 21 . Related models are also developed in Ref. 19 . For the future, direct simulations of the dynamics of such films as obtained with model-H should be compared to results for the time evolution obtained with the different proposed long-wave (or thin film) models.
